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QCD Phase diagram (Prediction)
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Predicted critical points
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M. Stephanov, PoS(Lattice2006), 024

Where are the critical point and the phase transition lines?
Lattice QCD at finite density: Existence of the sign problem

μB [MeV]
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Monte Carlo Method
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Sign Problem
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with Probability: 
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Imag.
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QCD Phase diagram

μq
2

T (Temperature)

Pure imaginary chemical potential:

M. Wakayama
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⟨n| e−(Ĥ−µqN̂)/T |n⟩ (57)

=
∑

n
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Canonical Approach

Canonical partition function

Fugacity:

M. Wakayama

Grand Canonical partition function
Fugacity expansion
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Canonical Approach

Fourier transformation
A. Hasenfrantz & D. Toussaint, 
Nucl. Phys. B371 (1992)

We can calculate ZGC with Monte Carlo
Method at pure imaginary μq.

M. Wakayama

Grand Canonical partition function

Fugacity expansion
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History

A. Hasenfrantz, D. Toussaint, Nucl. Phys. B371 (1992)

M. Wakayama

Basic Idea of Canonical Approach

Numerical instability of (discrete) Fourier transformation
Þ No, this is caused by cancelation

of significant digits !
Sign Problem ?

R.Fukuda, A.Nakamura, S.Oka, PRD93 (2016)

In multiple-precision arithmetic, 
we can evaluate  Zn up to high n 
region with accuracy. 

In double-precision arithmetic, 
cancelation of significant digits 
occurs at high n region. 
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Outline of the strategy

M. Wakayama
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If we get Zn for all n, we can search at ANY density!
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In numerical calculations, n is finite.
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Z(Nmax, T, V )

Z(0, T, V )
∼ 10−180 (61)

ξ ↔ ξ−1 (62)

ξ ↔ ξ∗ (63)

ξB = ξ3 (64)

N∑

k=−N

Zkξ
k = 0, ξ = ξ(i)N (i = 1, 2, · · · , 2N) (65)

N+1∑

k=−(N+1)

Zkξ
k = 0 (66)
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ξ(edge)N − δξN
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⟨O⟩µq
=

1

ZGC(µq)

∫
DU [detD(µq)]

Nf e−SG O [U ] (68)

⟨O⟩µq
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⟨O⟩µq
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N→∞

1

N

N∑

i=1

O [Ui] (71)

µq = 0 (72)

µq ̸= 0 (73)

V = (Nsa)
3 (74)

5

There are 2Nmax LYZs
in the complex                 plane.

Zeros of ZGC so-called Lee-Yang Zeros contain a valuable 
information on the phase transitions of a system.
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Phase Transition
Nmax ~ infinity
(V ~ infinity)
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e−(Ĥ−µqN̂)/T

)
(56)

=
∑

n
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μ (Density)

T (Temperature) Phase Transition
Nmax ~ infinity
(V ~ infinity)

Zeros of ZGC so-called Lee-Yang Zeros contain a valuable 
information on the phase transitions of a system.

There are 2Nmax LYZs
in the complex                 plane.
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Outline of strategy
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Proton multiplicity data

Boyda’s Talk

cut Baum-Kuchen algorithm

Integration method
V. Bornyakov et al., PRD95(2017)
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V and Nmax dependences (T/Tc=1.35)

M. Wakayama

As Nmax increases,
right edges of LYZs go to zero.
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� No phase transition.
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As Nmax increases, right edges of LYZs
approach to the real positive axis.
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=
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∮
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Nmax dependence (T/Tc=0.99)

µB/T ∼ 5-6 (52)

µB/T ∼ 3-3.5 (53)
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⟨n| e−Ĥ/T |n⟩ enµq/T (66)

=
∑

n

Z(n, T, V )ξn (67)

5

M. Wakayama

M.W., V. Bornyakov, 

D. Boyda, V. Goy, 

H. Iida, A. Molochkov, 

A. Nakamura, V. Zakharov, 

arXiv:1802.02014[hep-lat]
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Is the extrapolation of LYZs work well?
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=
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∮
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QCD Phase diagram (Prediction)

M. Wakayama

M. Stephanov, PoS(Lattice2006), 024

We can roughly estimate the phase transition points from 
lattice QCD.  But Is an extrapolation good? Are V and Nmax
large enough? Is the number density approximation fine? 

Lattice Results
T/Tc=0.99: 
T/Tc=0.93: 
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N∑

k=−N

Zkξ
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⟨O⟩µq
=

1

ZGC(µq)

∫
DU [detD(µq)]

Nf e−SG O [U ] (43)

ZGC(µq) =

∫
DU [detD(µq)]

Nf e−SG (44)

⟨O⟩µq
= lim

N→∞
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(
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=
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nqI

T 3
(θ) ∼

Nsin∑

k=1

fk sin(kθ) (27)

f3 sin(3θ) (28)
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f3k sin(3kθ) (29)
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T 3
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=

2Nmax∑
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Integration method
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Outline of the strategy

M. Wakayama

NJL model
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Lee-Yang zeros

Phase transition point
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NJL model

We can cross-check the 
extrapolation problem 
with the NJL model.
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Experiments
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Integration method
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Susceptibility in the NJL model 

Critical Point: (Tcp,μB) ~ (49,981) [MeV]

M. Wakayama

T [MeV] μB [MeV]

µq = 0 (74)

µq ̸= 0 (75)

V = (Nsa)
3 (76)

Nmax (77)

N3
s (78)

χBT/Λ
3 × 102 (79)

ξB = eµB/T (80)

ξq = eµq/T (81)

µB/T ∼ 5-6 (82)

µB/T ∼ 3-3.5 (83)

µB/T ∼??? (84)

µB/T ∼ (1.03, 0.08) (85)
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+ · · · (87)

SG (88)
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Number density at pure imag. μ

We obtain coefficients fk from
as it was done in the lattice simulations.

M. Wakayama
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Number density
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Number density coefficients fk
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The values of fk for small k are almost the same. 

nqI
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=
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Integration method
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∫ 2π

0

d(µqI/T )

2π
e−inµqI/TZGC(µq = iµqI , T, V ) (13)

ZGC(iµqI , T, V ) =

∫
DU detD(iµqI) e

−SG (14)

ξB = −1 ⇔ µq/T =
(2k + 1)πi

3
(15)

nq(µq = iµqI , T, V ) (16)

nq(µq = iµqI , T ) (17)

nq(µq, T ) (18)

nq

T 3
(µq = iµqI) =

1

V T 2

∂

∂µq
lnZGC(µq = iµqI) (19)

nq

T 3
=

1

V T 2

∂

∂µq
lnZGC (20)

=
1

V T 3

1

ZGC

∫
DU detD(µq) e

−SG Tr

[
D−1 ∂D

∂(µq/T )

]
(21)

nB

T 3
=

1

3V T 2

∂

∂µq
lnZGC (22)

=
1

3V T 3

1

ZGC

∫
DU detD(µq) e

−SG Tr

[
D−1 ∂D

∂(µq/T )

]
(23)

nB = inBI (24)

nq = inqI (25)

θ =
µqI

T
(26)

2



29/40

Nsin dependence of LYZs
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The LYZs for Nsin=2 is almost 
the same as one for Nsin=4. 
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3

T=49 [MeV]
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V dependence of LYZs
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As V increases for the fixed Nmax/V, edges of LYZs approach
to the real positive axis.  The edge of LYZs for VT3=23 is 
almost the same as one for VT3=43. 

= 0 (43)

2Nmax∏

n=1

(ξ − αn) = 0 (44)
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=
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∮
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ξ ↔ ξ−1 (51)
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4

µq = 0 (74)

µq ̸= 0 (75)

V = (Nsa)
3 (76)

Nmax (77)

N3
s (78)

ξB = eµB/T (79)

ξq = eµq/T (80)
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µB/T ∼ 3-3.5 (82)
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1
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+
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2

(µ

T

)2
+ · · · (86)
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D(µq) (88)
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We can obtain the LYZs near the critical point (CP). 

Nmax dependence of LYZs at T = Tcp

[detD(µq)]
∗ = det

[
D(µq)

†
]
= det

[
γ5D(−µ∗

q)γ5
]
= detD(−µ∗
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=
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Z(n, T, V )ξn (59)

ξ = eµq/T (60)
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We can evaluate the exact nB under the phase transition 
density from the canonical approach. 

Nmax dependence of nB at T = Tcp

Nmax=1000
Nmax=0900
Nmax=0800
Nmax=0700
Nmax=0600
Nmax=0500
Nmax=0400
Nmax=0300
Nmax=0200

Nmax=0150
Nmax=0100
Nmax=0050

Exact nB
calculated in real μB
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Nmax dependence of nB at T < Tcp

T=29 [MeV] T=39 [MeV]
Exact nB Exact nB

Nmax=25-1000

Nmax=25-1000

We can evaluate the exact nB under the phase transition 
density from the canonical approach. 
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Nmax dependence of nB at T > Tcp

T=59 [MeV] T=79 [MeV]

Exact nB

Exact nB

Nmax=25-1000 Nmax=25-1000

We can evaluate the exact nB under the crossover density 
from the canonical approach. 
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Nmax dependence of LYZs at Tcp
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nqI

T 3
(θ) ∼

Nsin∑

k=1

fk sin(kθ) (27)

f3 sin(3θ) (28)
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=
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3

Number density approximation
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3

Number density

Grand canonical partition function

This extrapolation works well to obtain the phase transition 
points.

χ2/dof = 0.33



36/40

Nmax dependence of LYZs at T = Tcp
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3

Number density

Grand canonical partition function

We have succeeded in subtracting a term associated with finite degree 
effect from the fitted function. The resulting curve represented the dotted 
curve nicely reproduces the expected critical point (CP) in the NJL model. 

χ2/dof = 0.33 M.W., A. Hosaka, 
paper in preparation.
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This extrapolation procedure works well to obtain 
the expected phase transition points (PTP).

Nmax dependence of LYZs at T < Tcp

χ2/dof = 0.52 χ2/dof = 1.03
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Our results are different from the pseudo phase transition 
points (PPTP), which is consistent with lack of phase 
transition points at the real chemical potential.

χ2/dof = 29 χ2/dof = 1586

Nmax dependence of LYZs at T > Tcp
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Summary
� We studied Lee-Yang zeros for Zn obtained from the

canonical approach in lattice QCD and the NJL model. 

� The phase transition points can be roughly estimated
from lattice QCD.

� We checked V, Nsin, Nmax dependences in the NJL model. 
� VT3 ≧ 23 (L ≧ 8 [fm])
� Nsin ≧ 2 (                                 )

� We can evaluate the exact nB under the phase transition 
density from the canonical approach. 

� We found the reasonable extrapolation procedure of the 
edge of LYZs at T ≦ Tcp in the NJL model. 

M. Wakayama

f2/f1 = 4.9× 10−4 (19)

f3/f1 = 3.6× 10−7 (20)

f4/f1 = 3.0× 10−10 (21)

ρmax
q ∼ 0.25 [fm−3] (22)

ρmax
q ∼ 0.5 [fm−3] (23)

ρmax
q ∼ 0.125 [fm−3] (24)

ρmax
q ∼ 0.25 [fm−3] (25)

ρmax
q ∼ 0.375 [fm−3] (26)

ρmax
q ∼ 0.5 [fm−3] (27)

ZGC(ξB, T, V ) =
Nmax∑

n=−Nmax

Z(n, T, V ) ξnB = 0 ξB = eµB/T (28)

(Nmax, V ) → ∞ (29)

ZGC(µB, T, V ) =
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Z(3n, T, V )ξnB (30)

Z(n, T, V ) =
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e−inµqI/TZGC(µq = iµqI , T, V ) (31)
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−SG (32)

ξB = −1 ⇔ µq/T =
(2k + 1)πi

3
(33)

nq(µq = iµqI , T, V ) (34)

2



� Other Examples: 
� Polyakov-loop-extended NJL model

-- It has the Roberge-Weiss symmetry.
� SU(2)-color lattice

-- It does not have the sign problem.

� Calculate SU(3)-color lattice with these parameters and
determine the QCD phase!
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Future work

M. Wakayama


