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Where are the critical point and the phase transition lines?
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Predicted critical points
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Where are the critical point and the phase transmon lines?
Lattice QCD at finite density: Existence of the sign problem
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S¢ : Gauge action
Sign PrOblem D(pq) : Fermion matrix
B Ny : # of flavors
Monte Carlo Method |
(importance sampling)
Oy, = Jim_ ZO | with Probability: [det D(y,)]" e~

Chemical

ootential det D(piq) Monte Carlo Method
frqg = Real value O
Hg 7 0 Complex value X (Sign Problem)
Pure — 5
Imag. Mg = tlql Real value O
D(p

det D(pg)]" = det | D(pg)'| = det [15D(~p15)5] = det D(~pzp)

M. Wakayama 5/40



QCD Phase diagram
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[det D (ipiqr)]* = det D(ipgr) O [det D(pq)]" = det D(—pig) Mg

Pure imaginary chemical potential: #q = ttq1
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Canonical Approach

Fugacity expansion

Grand Canonical partition function
Zao(ug, T, V) = Tr (e—m—qu)/T)
_ ZW’@_(E[—“QN)/TW

n

— Z <fn/’ e_I:I/T ’n> en:uCI/T

= > Z(n,T,V)¢" Fugacity: ¢ = ete/7

Canonical partition function
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Canonical Approach

Fugacity expansion

Grand Canonical partition function
Zac(ug, T.V) = Y Z(n,T,V)E"  Fugacity: & = eta/T

n—=——oo

Canonical partition function

Fourier transformation

A. Hasenfrantz & D. Toussaint,
Nucl. Phys. B371 (1992)

27Td T .
Z(n,T,V) = / (u ;I/ )e‘”‘”"qf/TZGc(uqZiuqz,T,V)
0 T A

We can calculate Z;: with Monte Carlo
Method at pure imaginary W,

[det D(ipqr)]” = det D(ipqr)
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History

Basic Idea of Canonical Approach
A. Hasenfrantz, D. Toussaint, Nucl. Phys. B371 (1992)

X Numerical instability of (discrete) Fourier transformation
Sign Problem ? = No, this is caused by cancelation

of significant digits !

. | ~ R.Fukuda, A.Nakamura, S.Oka, PRD93 (2016)

) M In double-precision arithmetic,
10 digit= I . . .o N

% Nagie=5000 cancelation of significant digits
107100 occurs at high n region.
N=
10 In multiple-precision arithmetic,
L2 | / we can evaluate Zn up to high n
f=1.80 region with accuracy.

10°59 aL=0.93

0 50 100150200250300350400450500
n
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Outline of the strateqy

Lattice QCD
: Number density formulation
ng(pg = ipgr, T, V) Bornyakov et al., PRD95(2017)
g 1 0
3 VT?0u,

ZGe (Mq = tpgr, 1, V)
% Fourier transform
Z(n,T,V)

¥

Zao(pg, TLV) = > Zm,T,V)E| ¢ = eta/T

n=——aoo

In Zqc

If we get Z, for all n, we can search at ANY density!
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Outline of the strateqy

Lattice QCD
: Number density formulation
ng(pg = ipgr, T, V) Bornyakov et al., PRD95(2017)
g 1 0
3 VT?0u,

/ele (Mq — i,qu, T, V)
% Fourier transform

In Zac

Z(n,T,V)
imax
Zac(pg, T,V) = Y Zn,T,V)E"| & =ete/T
Nn=—Nmax

In numerical calculations, n is finite.
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Lee-Yang Zeros

Zeros of Z;c: so-called Lee-Yang Zeros contain a valuable

information on the phase transitions of a system.
T.D. Lee & C.N. Yang, Phys. Rev. 87, 404&410 (1952)

There are 2Nmax LYZs
in the complex ¢ = ¢*/T plane.
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Lee-Yang Zeros

Zeros of Z;; so-called Lee-Yang Zeros contain a valuable

information on the phase transitions of a system.
T.D. Lee & C.N. Yang, Phys. Rev. 87, 404&410 (1952)
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%

Nmax
Zao(pg, TV) = > Z(n,T,V)E" =

n:_Nmax

There are 2N, ., LYZs
in the complex ¢ = ¢*/T plane.
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N, ..x ~ small
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Lee-Yang Zeros

Zeros of Z;; so-called Lee-Yang Zeros contain a valuable

information on the phase transitions of a system.

T.D. Lee & C.N. Yang, Phys. Rev. 87, 404&410 (1952)
Nmax

ZGC(:”Q? T? V) — Z Z(na Ta V)£n — 1/\ .i
n=—Nmax
There are 2N,,,,, LYZs ® N
in the complex ¢ = ¢*/T plane. % )
0 ® 1 ~

N, ..x ~ large
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Lee-Yang Zeros

Zeros of Z;; so-called Lee-Yang Zeros contain a valuable

information on the phase transitions of a system.

T.D. Lee & C.N. Yang, Phys. Rev. 87, 404&410 (1952)
Nmax

ZGC(MQ7T7V) — Z Z(n7T7V>£n: 1/\ .i
n=—Nmax
There are 2N, ., LYZs
in the complex ¢ = e#/T plane. A \
0 4 1
Saege /
|

Phase Transition
N ax ~ Infinity
(V ~ infinity)
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Lee-Yang Zeros

Zeros of Z;; so-called Lee-Yang Zeros contain a valuable
information on the phase transitions of a system.

T.D. Lee & C.N. Yang, Phys. Rev. 87, 404&410 (1952)

Nmax
ZGC(:”Q? T7 V) — Z Z(na Ta V)gn — 1 .i
Nn=—Nmax
There are 2N, ., LYZs
in the complex ¢ = ¢*/T plane. Q >
Z(n) properties ‘&3} :
Z(n,T,V) = Z(—n,T,V) £+ ¢!

Z(n,T,V) : Real values £ & & |

1T (Temperature)

Phase Transition

--------- - N, .x ~ infinity
_ oha/T _ ~ max
Pk * \*\ﬁ (V ~ infinity)
M. Wakayama u (Density) 17/40




M. Wakayama

Outline of strateqy

Lattice QCD

Nq (:uq — iﬂqla T7 V)

Nq

Integration method

1 0
In Zac

T3 —

Zaco(pg = tpqr, T,

LFr

Z(n,T,V)

.2

V. Bornyakov et al., PRD95(2017)

VT? g Boyda’s Talk
V) Experiments

Proton multiplicity data

<}:—P(n)

max

max

Zac(pg, T,V) = Z Z(n, T, V)¢

% cut Baum-Kuchen algorithm

Lee-Yang zeros

Phase transition point

5‘: eﬂq/T
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Vv and Nax dependences (T/T.=1.395)
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0-9 T/T.=1.35
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right edges of LYZs go to zero.  Nemx= + 013 <100 +195 |o ¥|o

ég=e'8/T = 0 0 : No phase transition. arXiv:1802.02014[hep-lat]
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(TIT,=0.93)

V and N,.., dependences

0.16
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As N,.., increases, right edges of LYZs
approach to the real positive axis.

Phase transition point: yug/T ~ 5-6 ?
M. Wakayama

M.W., V. Bornyakov,

D. Boyda, V. Goy,

H. lida, A. Molochkov,

A. Nakamura, V. Zakharov,
arXiv:1802.02014[hep-lat]
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N...x.dependence (T

T.=0.99)
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Phase transition point: uz/7" ~ 3-3.5 ?

Is the extrapolation of LYZs work well?

M. Wakayama

M.W., V. Bornyakov,

D. Boyda, V. Goy,

H. lida, A. Molochkov,

A. Nakamura, V. Zakharov,
arXiv:1802.02014[hep-lat]
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QCD Phase diagram (Prediction)

M. Stephanov, PoS(Lattice2006), 024
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We can roughly estimate the phase transition points from
lattice QCD. But Is an extrapolation good? Are V and N, ..

large enough? Is the number density approximation fine?
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Outline of the strateqy

NJL model Lattice QCD et e
. niegration metno
ng(tg = ipqr, T) ng(tg = thqr, Ty V') v Bomyakov et al., PRD95(2017)
ng _ 1 : 0 In Zeo
T° VI Oug Boyda'’s Talk
Zae(pg = iper, T, V) Experiments
We can cross-check the % FT Proton multiplicity data
extrapolation problem  [Z(n, 7,V)| {—P (n)
with the NJL model. %
Zac(pg, T, V) = Z Z(n,T,V)E & = eta/T
NJL model lind

% cut Baum-Kuchen algorithm

N Lee-Yang zeros

M. Wakayama Phase transition point 24/40
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Number density at pure imag. u
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0 /6 /3 /2 27/3 57/6 T

‘9=Mql/T

Nql :
We obtain coefficients f, from 75 (") ~ ;f k sin(k0)

as it was done in the lattice simulations.

[ T=79 [MeV]
T=59 [MeV]

O T=49 [MeV]
* T=39 [MeV]
+ T=29 [MeV]
Number density
ng 1 0

T3 VT?0p,

In Zac

3
nq|/T

ng = ings
Hqg = gl

M. Wakayama 27/40



Number density coefficients f,

T=79 [MeV]: X +f[7sin fit] @ +f[FT]
T=59 [MeV]:  +f[5sin fit] @ +£[FT]
T=49 [MeV]: * +f[4sin fit] W +f[FT]
T=39 [MeV]: + +f[3sin fit] A +£[FT]
T=29 [MeV]: X +f[2sin fit] @ +f[FT]

-f [FT]
-f [FT]
-f[FT]
-f[FT]
-f [FT]

O >0

Integration method
Nsin

Z5(0) ~ D fusin(ko)
k=1

Mgl
06 = ——
T

®
. o

. N
B

8 9 10

k
The values of f, for small k are almost the same.
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N.., dependence of LYZs

0.005
0.004 4 ﬁmzmmk&m* 2 N, =4
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by s o vT=2
0.0 oD f N,_. =128
-0.005 0.0 cp 0.005
Re[¢]
. : T=49 [MeV]
The LYZs for Ng;,=2 is almost T h = 49x10°
the same as one for Ng;,=4. nol g %fk sin(k) | = 36X 1077
e & fi/fi = 3.0x10710
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V dependence of LYZs

0.003
T=49[MeV]
Nsin=4
++++++++H+PH+|_HHH‘H+++++++
0.002 #+++++++++ #ﬂ%
% & Y
E E % § o &t
0.001 i
% § < &
i vT’=1% N, =0032 7
% + VT°=2%, N, =0256 &
3,3 - i
0.0 ® vVT°=4", N, ,,=2048 ‘o
-0.003 -0.002 -0.001 0.0 0.001¢P 0.002 0.003
Relfq] §g = eha/T

As V increases for the fixed N,,..,/V, edges of LYZs approach

to the real positive axis. The edge of LYZs for VT3=23 is
almost the same as one for VT3=43,
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Nax dependence of LYZs atT =

T,

x X X T= 49[MeV]
< . vT =2
X X Nsin=4
0.005 | “

Im[¢,]

X Npax=064
X * N, ,,ax=128
* Npax=192
+ N,,.x=256

0.0

-0.005 0.0 CP 0.005

Re[¢]

We can obtain the LYZs near the critical point (CP).

M. Wakayama

fz eﬂq/T
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Nn.x.dependence of ngat T=T_,

60 ] Exact ng

[ #| calculated in real pg

NT3=23
50 Nsin=4
‘Nmax=1000
Nmax=0900
my Nmax=0800
Nmax=0700
Nmax=0600
Nmax=0500
Nmax=0400
Nmax=0300
4 Nmax=0200

...... t+—— Nmax=0150

0! R % Nmax=0100

0 5 10 15 20 25 Nmax=0050
MB/ T

We can evaluate the exact ng under the phase transition
density from the canonical approach.
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Nn.x.dependence of ngat T<T_,

T=29 [MeV] T=39 [MeV]
60
T=29 [MeV T=39 [MeV]
1ag | 129 BeV] Exactng / K Exact ng
120 Ngin=2 j 50 Ngin=3
100 40
™ ﬂ‘,l_ ]
tm 80 < 30 W"‘“"""‘W
E E
60
20 Nmax=25-1000
40 R
20 Nmax=25-1000 10
0 = —— ~ ~ - - T T 0 i T o o m - v i T ey
0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30
,U’B/T /’LB/T

We can evaluate the exact ng under the phase transition
density from the canonical approach.
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Nn.x.dependence of ngatT> T,

T=59 [MeV] o, 1=79 [MeV]
60 50 [MeV] T=79 [MeV]

NT? =2} NT’=2’
50 Ng;,=b Ngin=7
40

e Nmax=25-1000 Nmax=25-1000 :
& ir EXacths
10 10
0 oo——————— 00—
0 5 10 15 20 25 0 5 10 15 20 25
Yl pe/T

We can evaluate the exact ng under the crossover density
from the canonical approach.
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Nn.x.dependence of LYZs at T,

+ N,,,.x dependence
from 32 to 512

y=a(bX0'CX02)/(X+;‘)
+b(x-xp)+c(x-xg)

7" y=b(x-xg)+c(x-xo)

x?/dof = 0.33

Number denS|tv approximation

an Z fr sin(k0)

Grand canonical partition function

Zac(pg, T, V) = Z Z(n, T, V)¢

Number density

0.005
T=49[MeV]
vT’=2’
0.004 | N' =
0.003
oF
— 0.002
=
0.001
0.0 —% e
-0.001
0.0 0.0

02 0.004 0.006

Re[¢]

Ng 1 0
- InZ
T8~ VI20u, SC

This extrapolation works well to obtain the phase transition

points.

M. Wakayama
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Nnax.dependence of LYZs at T=T_,

0.005
T=49[MeV] + N,,,.x dependence g - 6,qu/T
vT3=23 from 32 to 512 o
0.004 | v 7,
Grand canonical partition function
0.003 y=a(bxg-cxy")/(x+a) Nmax
l{TﬁU‘- +b(X-X0)+C(X—X0)2"."" ZGC (MQ? T7 V) - Z Z(?’L, T7 V)gn
—  0.002 e
§ Number density
0.001 ng 1 0
".”.w‘y=b(x—x0)+c(x-x0)2 T3~ VT2 Ot InZgc

0.0 it

2 —
x?/dof = 0.33 M.W., A. Hosaka,

0.0 0.002 0.004 0.006 paper in preparation.
Re[&,]

We have succeeded in subtracting a term associated with finite degree
effect from the fitted function. The resulting curve represented the dotted
curve nicely reproduces the expected critical point (CP) in the NJL model.

-0.001
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Nax.dependence of LYZs at T < T,

-5
9'10_5 T=29[MeV] + N,,.x dependence T=39[MeV] + N,,..x dependence
8-10 i vT3=23 from 32 to 512 vTi=23 from 32 to 512
7-10 Ngin=2 N,=3
6.10° 2 0.001
— 510" i e —_ y=albrrcx,’)/(c+a)
g A 10_5 +b(x-x0)+¢(x-x0) :Ui- +b(x-x) +c(x-xq)
E s E
-  3.10 — 0.0005 )
2.107 J=b(x-x0)+c(x-xp)" _AS=b(x-x0)+c(x-x0)”
1.10° -
010" 5 x2/dof = 0.52 0.0 | 2/dof = 1.03
-1.10° ' o ’ '
0,100 2_10‘5 4_10'5 6-10_5 8-10_5 1,10'4 0.0 0.0005 0.001 0.0015
Re[¢,] Re[{q]

This extrapolation procedure works well to obtain
the expected phase transition points (PTP).
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Nax.dependence of LYZs at T > T,

=59[MeV + N,..x dependence T=79[MeV + N,,.« dependen
0.014 ;r/.l.3=[23 eV] from 32pto 512 0.06 VT3=[23 eV] from 32pto 51
0012 Nsin=5 Nsin=7
I  0.04 y=a(bxo-oxc’)/(x-+a)
g 0.008 y=z§bxo-;xozi/(x‘|)‘;‘) 3 Fb(x-x0)Fe(x-xo)
bl +Db(x-Xg)+c(x-x —
£ 0.006 AR £
- 0.02
0.004
0.002 e
y=b(x—x0)+c(x—x0),:' 0.0 PP.TP
0.0 PPTP S y=b(x-xg)+c(x-xp)’
0.0 0.004 0.008 0.012 o0.016 0.0 0.02 0.04 0.06 0.08
Re[¢,]  y%dof = 29 Re[¢,] x?/dof = 1586

Our results are different from the pseudo phase transition
points (PPTP), which is consistent with lack of phase
transition points at the real chemical potential.

M. Wakayama 38/40



Summary

@® We studied Lee-Yang zeros for Z,, obtained from the
canonical approach in lattice QCD and the NJL model.

® The phase transition points can be roughly estimated
from lattice QCD.

® We checked V, Ng;,,, N,,,..x dependences in the NJL model.
VT3 = 23 (L = 8 [fm])
Nsin = = 2 (f2/f1 = 49x 107" )

@® We can evaluate the exact ng under the phase transition
density from the canonical approach.

® We found the reasonable extrapolation procedure of the
edge of LYZs at T = T, in the NJL model.
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Future work

@ Other Examples:
* Polyakov-loop-extended NJL model
-- It has the Roberge-Weiss symmetry.
- SU(2)-color lattice
-- It does not have the sign problem.

@® Calculate SU(3)-color lattice with these parameters and
determine the QCD phase!
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